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Q�rhc Skìkoc

1) To pedÐo taqut twn suneqoÔc mèsou dÐnetai apì tic sqèseic

u1 =
x1

1 + t
, u2 =

2x2
1 + t

, u3 =
3x3
1 + t

.

Na brejoÔn oi sunist¸sec thc epit�qunshc sunart sei twn metablht¸n
a) (1 mon�da) tou Euler, kai
b) (1 mon�da) tou Lagarnge.
g) (0,5 mon�dec) Oi exis¸seic twn troqi¸n twn swmatidÐwn.

LÔsh: a) Gia thn eÔresh twn sunistws¸n thc epit�qunshc qrhsimopoioÔme tic sqèseic

αi =
∂ui
∂t

+ u⃗∇⃗ui

Epomènwc èqoume

α1 =
∂u1
∂t

+
∂u1
∂x1

u1 +
∂u1
∂x2

u2 +
∂u1
∂x3

u3 = − x1
(1 + t)2

+
x1

1 + t

1

1 + t
+ 0 + 0 = 0

OmoÐwc brÐskoume

α2 =
2x2

(1 + t)2
, α3 =

6x3
(1 + t)2

.

b) Apì thn èkfrash tou pedÐou taqut twn èqoume

u1 =
dx1
dt

=
x1

1 + t
⇒ dx1

x1
=

dt

1 + t
⇒ lnx1 = ln(1 + t) + c1 ⇒ x1 = c(1 + t).

'Omwc gia t = 0 èqoume x1 = ξ1 epomènwc c = ξ1, kai telik� brÐskoume x1 = ξ1(1+t). Ergazìmenoi
me an�logo trìpo brÐskoume x2 = ξ2(1 + t)2, x3 = ξ3(1 + t)3 Antikajist¸ntac autèc tic sqèseic
sta apotelèsmata tou erwt matoc a) brÐskoume tic sunist¸sec thc epit�qunshc sunart sei twn
metablht¸n tou Lagarnge

α1 = 0, α2 = 2ξ2, α3 = 6(1 + t)ξ3.

g) ApaleÐfontac to qrìno apì tic sqèseic x1 = ξ1(1 + t), x2 = ξ2(1 + t)2, x3 = ξ3(1 + t)3

brÐskoume ìti oi troqièc perigr�fontai apì tic exis¸seic

x21 =
(ξ1)2

ξ2
x2, x31 =

(ξ1)3

ξ3
x3.
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2) H kÐnhsh suneqoÔc mèsou kajorÐzetai apì tic sqèseic

x = a+
e−bλ

λ
sin [λ(a+ ωt)] , y = −b− e−bλ

λ
cos [λ(a+ ωt)] , z = ξ3,

ìpou a, b, λ, ω stajerèc. Na deiqjeÐ ìti
a) (1 mon�da) oi troqièc eÐnai kÔkloi, kai
b) (1 mon�da) to mètro thc taqÔthtac eÐnai stajerì.
g) (0,5 mon�dec) Na brejeÐ h sqèsh metaxÔ twn ξ1, ξ2 kai a, b, λ.

LÔsh: a) Apì tic sqèseic pou mac dÐnontai brÐskoume eÔkola ìti

(x− a)2 + (y + b)2 =
e−2bλ

λ2

{
sin2 [λ(a+ ωt)] + cos2 [λ(a+ ωt)]

}
=

e−2bλ

λ2
.

H sqèsh aut  mac lèei ìti oi troqièc eÐnai kÔkloi sto epÐpedo z = ξ3 me kèntro (a,−b) kai aktÐna√
e−2bλ/λ2.

b) Oi sunist¸sec thc taqÔthtac eÐnai

ux =

(
∂x

∂t

)
ξi

= ωe−bλ cos [λ(a+ ωt)]

uy =

(
∂y

∂t

)
ξi

= ωe−bλ sin [λ(a+ ωt)]

uz =

(
∂z

∂t

)
ξi

= 0.

To mètro thc taqÔthtac dÐnetai apì th sqèsh

|u⃗| =
√

u2x + u2y + u2z =
√
ω2e−2bλ

opìte blèpoume ìti eÐnai stajerì.
g) Th qronik  stigm  t = 0 èqoume x = ξ1, y = ξ2, z = ξ3. 'Ara apì tic arqikèc exis¸seic thc
ekf¸nhshc brÐskoume

ξ1 = a+
e−bλ

λ
sin(λa), ξ2 = −b− e−bλ

λ
cos(λa).

3) Gia thn perÐptwsh apeirost c paramìrfwshc suneqoÔc mèsou na
a) (1,5 mon�dec) ekfrasteÐ o suntelest c sqetik c epim kunshc ln⃗ se k�poio shmeÐo A tou mèsou
kat� m koc thc dieÔjunshc pou kajorÐzetai apì to monadiaÐo di�nusma n⃗ = n1e⃗1 + n2e⃗2 + n3e⃗3
sunart sei twn anex�rthtwn stoiqeÐwn tou tanust  paramìrfwshc.
b) (1 mon�da) Na apodeÐxete poia eÐnai h mègisth kai poi� h el�qisth tim  pou mporeÐ na p�rei o
suntelest c sqetik c epim kunshc ln⃗.

LÔsh: Par�grafoc §23 (sel.73-74) apì to biblÐo twn I.D. QatzhdhmhtrÐou kai G.D. Mpìzh
`Eisagwg  sth Mhqanik  twn Suneq¸n Mèswn'.
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4) H paramìrfwsh suneqoÔc mèsou dÐnetai apì tic sqèseic:

x′1 = x1 + a(x23 + x2x3)

x′2 = x2 + a(x21 + x3x1)

x′3 = x3 + a(x22 + x1x2)

ìpou 0 < a ≪ 1.
a) (0,5 mon�dec) Na exetasteÐ an h paramìrfwsh eÐnai apeirost    peperasmènh kai na brejeÐ o
tanust c paramìrfwshc.
b) (1 mon�da) Poion prosanatolismì prèpei na èqei mikrìc kÔboc akm c b me mia koruf  tou
sto shmeÐo A(1,−1,−1) ¸ste na metasqhmatisteÐ met� thn paramìrfwsh se orjog¸nio parallh-
lepÐpedo? Na brejoÔn ta m kh twn pleur¸n autoÔ tou parallhlepÐpedou.
g) (1 mon�da) Poia eÐnai h metabol  tou ìgkou tou kÔbou kat� thn paramìrfwsh?

LÔsh: a) Ta dianÔsmata metatìpishc dÐnontai apì tic sqèseic:

w1 = x′1 − x1 = a(x23 + x2x3) = aw′
1

w2 = x′2 − x2 = a(x21 + x3x1) = aw′
2

w3 = x′3 − x3 = a(x22 + x1x2) = aw′
3

Mia paramìrfwsh eÐnai apeirost  ìtan
∂wi

∂xj
≪ 1. Apì tic parap�nw sqèseic blèpoume ìti

∂wi

∂xj
=

a
∂w′

i

∂xj
= ak ≪ 1 diìti k =

∂w′
i

∂xj
eÐnai peperasmènoc arijmìc. Epomènwc h paramìrfwsh eÐnai

apeirost .
Sthn perÐptwsh apeirost c paramìrfwshc ta stoiqeÐa tou tanust  paramìrfwshc dÐnontai apì

tic sqèseic ϵij =
1

2

[
∂wi

∂xj
+

∂wj

∂xi

]
. Opìte o tanust c paramìrfwshc eÐnai:

(ϵij)(x1,x2,x3) =

 0 a(x1 + x3) a(x2 + x3)
a(x1 + x3) 0 a(x1 + x2)
a(x2 + x3) a(x1 + x2) 0

 (1)

b) O tanust c paramìrfwshc gia to shmeÐo A(1,−1,−1) eÐnai

(ϵij)A =

 0 0 −2a
0 0 0

−2a 0 0

 . (2)

Gia na mhn qajeÐ h kajetìthta twn akm¸n tou kÔbou kat� thn paramìrfwsh autèc ja prèpei na
eÐnai par�llhlec proc tic dieujÔnseic pou kajorÐzontai apì ta idioanÔsmata tou pÐnaka (2). Oi
idiotimèc tou pÐnaka brÐskontai apì thn exÐswsh∣∣∣∣∣∣

−λ 0 −2a
0 −λ 0

−2a 0 −λ

∣∣∣∣∣∣ = 0 ⇒ −λ
[
λ2 − (2a)2

]
= 0 ⇒ −λ(λ− 2a)(λ+ 2a) = 0,

kai eÐnai

λ1 = 2a, λ2 = 0, λ3 = −2a. (3)
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To idiodi�nusma pou antistoiqeÐ sthn idiotim  λ1 = 2a brÐsketai apì th lÔsh tou sust matoc −2a 0 −2a
0 −2a 0

−2a 0 −2a

 x1
x2
x3

 = 0 ⇒


−2ax1 − 2ax3 = 0

−2ax2 = 0
−2ax1 − 2ax3 = 0

⇒


x1 ∈ R

x3 = −x1
x2 = 0

.

Jètontac aujaÐreta x1 = 1 paÐrnw èna idiodi�nusma thc morf c

X⃗1 =

 1
0
−1

 . (4)

DouleÔontac antÐstoiqa kai gia tic 2 �llec idiotimèc brÐskoume ta idiodianÔsmata

X⃗2 =

 0
1
0

 , (5)

X⃗3 =

 1
0
1

 . (6)

Ta 3 aut� idiodianÔsmata eÐnai k�jeta metaxÔ touc, afoÔ ta eswterik� touc ginìmena eÐnai mhdèn.
Oi pleurèc tou parallhlepÐpedou met� thn paramìrfwsh ja eÐnai

S1 = (1 + λ1)b = (1 + 2a)b > b, diastol 

S2 = (1 + λ2)b = (1 + 0)b = b, kamÐa metabol 

S3 = (1 + λ3)b = (1− 2a)b > b, sustol 

g) Sthn perÐptwsh apeirost c paramìrfwshc o suntelest c kubik c diastol c θ isoÔtai me to
Ðqnoc tou o tanust  paramìrfwshc (2)

θ = ϵ11 + ϵ22 + ϵ33 = λ1 + λ2 + λ3 = 0. (7)

'Ara o ìgkoc den ja metablhjeÐ.
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